equation. The numerous investigations carried out since the beginning of the present century for the KGD [15, 16, 17, 18] and penny-shaped models [19, 20, 21] have led to the importance of the problem's multiscale character being recognized. It is now well understood that the global response of the fluid driven fracture is critically dependent on the interaction between competing physical processes at various temporal and spatial scales. Depending on the intensity of various energy dissipation mechanisms, as well as the fracturing fluid and solid material properties, the hydraulic fracture evolves in the parametric space encompassed by the limiting regimes: i) viscosity dominated, ii) toughness dominated, iii) storage dominated, iv) leak-off dominated.
Bearing in mind the whole complexity of the problem, it still remains an extremely challenging task to deliver credible solutions which reflect all of the desired features. The relative simplicity of the classic 1D models means that they are well suited to the task of creating benchmarks, used when developing and verifying more advanced solutions and algorithms. For the KGD and PKN models one can find in the literature a number of credible results, including recently developed simple and accurate approximate solutions, that can be used for the aforementioned purposes [22, 23, 24, 25] .
Unfortunately there is not a substantial body of suitable benchmarks available for the radial model. One can mention here the work by Advani et al [26] , where the approximate timedependent solution for both Newtonian and non-Newtonian fluids is given. However, its accuracy has not been convincingly proved. An early simulator of penny-shaped fracture was presented in [27] , where comparison with previous results was also provided. However again, the error level of the final results is unknown. In [19] the asymptotic solutions for zero and large toughness regimes were delivered for a Newtonian fluid. An additional asymptotic solution for the toughness dominated regime, for a Newtonian fluid, over small and large time scales was presented by Bunger et al [20] . These asymptotic solutions were later shown to correspond reasonably well to experimental results [28] .
The field has become more active in the past year however. There is a work of Kanaun [29] , which provides a discretized approach to the time-dependent form of the problem. Unfortunately the model only provides an approximate solution for Newtonian fluids in the toughness dominated regime without fluid leak-off. There has also been an experimental paper by Lai et al [30] , which examined the growth of a penny-shaped fracture in a gelatin matrix. This study was able to demonstrate the effect of varying experiment parameters for small values of the fracture toughness, and suggests that such fractures behave according to the scaling arguments of Spence & Sharp [12] over long times. Finally there is a recent numerical solution provided by Linkov [31, 32] , for the class of Newtonian and shear-thinning fluids, but only in the viscosity dominated case. Unfortunately, the accuracy of the aforementioned penny-shape benchmarks is still to be confirmed. Additionally, neither of the recalled solutions takes the convenient form of a simple formula (such as those for the KGD model from [24, 25] ) that can be easily used for comparison.
The aim of this paper is to meet the demand for benchmark solutions to the radial HF model and: i) by means of a dedicated computational scheme deliver a highly accurate numerical solution, ii) provide simple solution approximations, which maintain a reasonable level of accuracy, for the zero leak-off case, iii) verify the accuracy of existing benchmarks, iv) introduce purely analytical solutions to the problem obtained for a predefined non-zero leak-off function.
To this end the self-similar formulation of the penny-shaped model will be analyzed. The numerical computations will be performed using a modified form of the universal algorithm introduced in [24, 25] . It employs a mechanism of fracture front tracing, based on the speed equation approach [23] , coupled with an extensive use of information on the crack tip asymptotics and regularization of the Tikhonov type (the technical details of both concepts can be found in [33, 34] ). The modular architecture of the computational scheme facilitates its adaptation to the problem of radial HF.
The paper is organized as follows. The basic system of equations describing the problem is given in Sect. 2. Next, normalization to the dimensionless form is carried out. In Sect. 3, comprehensive information about the solution asymptotics is presented, which is heavily utilized in the subsequent numerical implementation. New computational variables, the reduced particle velocity and modified pressure derivative, are introduced. The advantages of both are outlined, and the problem is reformulated in terms of the new variables. In Sect. 4 the governing system of equations is reduced to the time independent self-similar form. This formulation is used in Sect. 5 to construct the computational algorithm. The accuracy and efficiency of computations are examined against newly introduced analytical benchmark examples. Alternative error measures are proposed for the cases where no closed-form analytical solution is available. Then, numerical reference solutions are proposed for the variant of an impermeable solid. Simple and accurate solution approximations are given for various fixed values of the material toughness, over the whole range of the fluid behaviour index. Next, the computational algorithm is used to verify other solutions available in the literature. Sect. 6 contains the final discussion and conclusions. Some additional information concerning the limiting cases of Newtonian and perfectly plastic fluids, together respective models of the approximation, is collected in the appendices.
Problem formulation
Let us consider a 3D penny-shaped crack, defined in polar coordinates by the system {r, θ, z}, with associated crack dimensions {l(t), w(t)} as the fracture radius and aperture respectively, noting that both are a function of time. The crack is driven by a point source of power-law fluid located at the origin, and has a known pumping rate: Q 0 (t). The fluid's rheological properties are described by a power-law [35] . We have that, as the flow is axisymmetric, all variables will be independent of the angle θ.
The fluid mass balance equation is as follows: ∂w ∂t + 1 r ∂ ∂r (rq) + q l = 0, 0 < r < l(t),
where q l (r, t) is the fluid leak-off function, representing the volumetric fluid loss to the rock formation in the direction perpendicular to the crack surface per unit length of the fracture. Throughout this paper we will assume it to be predefined and bounded at the fracture tip. Meanwhile, q(r, t) is the fluid flow rate inside the crack, given by the Poiseuille law:
with p(r, t) being the net fluid pressure on the fracture walls (i.e. p = p f − σ 0 , σ 0 is the confining stress), while the constant M is a modified fluid consistency index M = 2 n+1 (2n + 1) n /n n M , where 0 ≤ n ≤ 1 is the fluid behaviour index. The non-local relationships between the fracture aperture and the pressure (elasticity equations) are as follows:
where E = Y /(1−ν 2 ), with Y being the Young's modulus and ν the Poisson ratio. The operator A and its inverse take the form:
for the pertinent kernels:
K, E are the complete elliptic integrals of the first and second kinds respectively, and F the incomplete elliptic integral of the first kind, given in [36] . These equations are supplemented by the boundary condition at r = 0, which defines the intensity of the fluid source, Q 0 :
the tip boundary conditions:
and appropriate initial conditions describing the starting crack opening and length:
Additionally, it is assumed that the crack is in continuous mobile equilibrium, and as such the classical crack propagation criterion of linear elastic fracture mechanics is imposed:
where K Ic is the material toughness while K I is the stress intensity factor. The latter is computed according to the following formula [37] :
Throughout this paper we accept the convention that when K Ic = 0 the hydraulic fracture propagates in the viscosity dominated regime. Otherwise the crack evolves in the toughness dominated mode. Each of these two regimes is associated with qualitatively different tip asymptotics, which constitutes a singular perturbation problem as K Ic → 0, and leads to serious computational difficulties in the small toughness range.
Finally, noting (1) and (8) , the global fluid balance equation is given by:
The above set of equations and conditions represent the typically considered formulation for a penny-shaped hydraulic fracture [19] .
In order to facilitate the analysis we shall utilize an additional dependent variable, v, which describes the average speed of fluid flow through the fracture cross-section [23] . It will be referenced to in the text as the particle velocity, and is defined as:
Provided the fluid leak-off q l is finite at the crack tip, v has the following property:
Additionally, given that the fracture apex coincides with the fluid front (no lag), and that the fluid leak-off at the fracture tip is weaker than the Carter law variant, the so-called speed equation [14] holds:
This Stefan-type boundary condition constitutes an explicit level set method, as opposed to an implicit method [38] , and can be effectively used to construct a mechanism of fracture front tracing. The advantages of implementing such a condition have been shown in [24, 25, 32] .
Problem normalization
For the main body of the text, in order to make the presentation clearer, we will assume during derivations that 0 < n < 1, however all results shown will be calculated according to their respective models. Any modification to the governing equations and numerical scheme in the limiting cases n = 0 and n = 1 are detailed in Appendix A. We normalize the problem by introducing the following dimensionless variables:
wherer ∈ [0, 1] and l * is chosen for convenience.
We note that such a normalization scheme has previously been used in [24, 25, 32] , and that it is not attributed to any particular influx regime or asymptotic behaviour of the solution.
Under normalization scheme (17) , the continuity equation (1) can be rewritten in terms of the particle velocity (14) to obtain:
The particle velocity (2) is expressed as:
while the speed equation is now given by combining (14)- (16):
The global fluid balance equation (13) is transformed to:
The notation for the elasticity equations (3)- (5) takes the form:
where the operators denote:
From definition (12) and the fracture propagation condition (11) we have that:
Note that through proper manipulation of (24) and the use of (25), (22) 2 can be expressed in the following form:
for the kernel function K given by:
where:
with the function E(φ | m) denoting the incomplete elliptic integral of the second kind [36] .
While this form of the elasticity operator has not previously been used in the case of a penny-shaped fracture, an analogous form of the elasticity equation for the KGD model has been utilized in [24, 25] , where its advantages in numerical computations have been demonstrated. Notably, the kernel function K exhibits better behaviour than the weakly singular kernel G (7), having no singularities for any combination of {r, y}. Additionally, equation (19) can be easily transformed to obtain p and then substituted into (26) , meaning that the latter can be utilized without the additional step of deriving the pressure function needed for the classic form of the operator.
Next the boundary conditions (9) , in view of (15) , transform to a single condition:
alongside the initial conditions (10):
The source strength (8) is now defined as:
While combining the above with (19) we obtain the following relationship:
which provides a valuable insight into how the behaviour of the fluid pressure function near to the source varies for differing values of n. The resulting pressure asymptotics at the injection point, with corresponding aperture, are detailed below:
It is worth restating that there are minor differences to both the asymptotics and fundamental equations in the limiting cases n = 0 and n = 1. These are explained in further detail in Appendix A.
Crack tip asymptotics, the speed equation and proper variables
A universal algorithm for numerically simulating hydraulic fractures has recently been introduced in [24, 25] and tested against the PKN and KGD (plane strain) models for Newtonian and shearthinning fluids. It proved to be extremely efficient and accurate. Its modular architecture enables one to adapt it to other HF models by simple replacement or adjustment of the basic blocks. In the following we will construct a computational scheme for the radial fracture based on the universal algorithm. To this end we need to introduce appropriate computational variables, and to define the basic asymptotic interrelations between them. For the sake of completeness detailed information on the solutions tip asymptotic behaviour, for different regimes of crack propagation, are presented below.
Crack tip asymptotics
3.1.1 Viscosity dominated regime (K Ic = 0)
In the viscosity dominated regime the crack tip asymptotics of the aperture and pressure derivative can be expressed as follows:
The crack tip asymptotics of the pressure function can be derived from the above, however this form is given due to its use in computations (this will be explained in further detail later). As a consequence the particle velocity behaves as:
Note that we requireṽ 0 (t) > 0 to ensure the fracture is moving forward. The values of constants α i , β i are given in Table 1 . The general formulae for the limiting cases n = 0 and n = 1 remain the same as (35)- (37), with the respective powers α i , β i again being determined according to Table 1 . Now, let us adopt the following notation for the crack propagation speed, based on the speed equation (20) and the tip asymptotics (37):
Here L(w) > 0 is a known functional and C is a positive constant. In the viscosity dominated regime we have that:
Additionally, we can directly integrate (38) in order to obtain an expression for the fracture length:
3.1.2 Toughness dominated regime (K Ic > 0)
Near the fracture front the form of the aperture and particle velocity asymptotics remains the same as in the viscosity dominated regime (35) , (37) . Meanwhile the pressure derivative asymptotics yields:
The values of α i , β i for this regime are provided in Table 1 . The asymptotics in the limiting cases n = 0 and n = 1 is given in Appendix A (equations (108) and (97) respectively).
Crack propagation regime
Viscosity dominated 2 n + 2 n + 4 n + 2 2n + 6 n + 2 1 2n + 2 n + 2
Toughness dominated 1 2 3 − n 2 5 − 2n 2 2 − n 2 1 Table 1 : Values of the basic constants used in the asymptotic expansions forw andṽ for 0 < n < 1.
We again use notation (38) for the crack propagation speed, however the values of the functional L and the C will in this case be:
while the fracture length will be given by (40).
Reformulation in terms of computational variables
It is readily apparent that the choice of computational variables plays a decisive role in ensuring the accuracy and efficiency of the computational algorithm [23, 24, 33] . Let us introduce a new system of proper variables which are conducive to robust numerical computing.
• The reduced particle velocity Φ(r,t):
It is a smooth, well behaved and non-singular variable that facilitates the numerical computations immensely. It is bounded at the crack tip and the fracture origin. The advantages of using an analogous variable in the PKN and KGD models have previously been demonstrated in [24, 25] .
• The modified pressure derivative Ω(r,t):
It reflects the singular tip behavior ofp r , having the same tip asymptotics as the pressure derivative, however it is bounded at the fracture origin. From (44) the pressure can be immediately reconstructed as:
where the term C p follows from (25) :
This auxiliary variable will primarily be used in numerical computation of the elasticity operator.
The following interrelationship exists between the newly introduced variables:
Since under this new scheme Φ is bounded at the fracture tip, the source strength (31) and the boundary condition (29) can now be expressed as:
By utilizing the boundary condition (49) 1 , the relationship between the new variables (48) can be represented in the form:
Note that this is not only a more concise representation of (48) but also does not depend on L(t), which will be beneficial when computing the self-similar formulation. In this way the computational scheme will be based on: the crack opening,w, the reduced particle velocity, Φ, and an auxiliary variable, the modified fluid pressure, Ω. By substituting the new variable Φ from (43) into the continuity equation (18), we obtain the modified governing equation:
Additionally, the elasticity equation (26) can be now expressed as follows:
where K is given in (27) , while G n is defined by:
It can be easily shown that this function is well behaved in the limits.
Self-similar formulation
In this section we will reduce the problem to its time-independent self-similar version. This formulation will be used to define the computational scheme used later on in the numerical analysis.
We begin by assuming that a solution to the problem can be expressed in the following manner:w
where Ψ(t) is a smooth continuous function. By separating the variables in this manner it becomes possible to reduce the problem to a time-independent formulation when Ψ is described by an exponential or a power-law type function. From here on the spatial components will be marked by a 'hat'-symbol, and will describe the self-similar quantities. It is worth noting that the separation of spatial and temporal components given in (54) ensures that the qualitative bahaviour of the solution tip asymptotics remains the same as in the time-dependent variant.
The self-similar representation of the problem
We wish to examine two variants of the time dependent function:
In both cases the fluid leak-off function will be assumed to take the form:
The self-similar reduced particle velocity (43), modified pressure derivative (44), (45) and pressure (46) are defined by:Φ (r) =rv(r) −r 2v 0 ,rΩ(r) =r dp dr
It is immediately apparent from (38) and (54) that the self-similar crack propagation speed is given by:v
−ŵ n+1 dp dr
Note again that the qualitative asymptotic behaviour of the aperture, pressure and particle velocity asr → 0 andr → 1 remains the same as in the time dependent version of the problem (35) , (36), (37), (41). The respective asymptotic formulae hold provided that multipliers of the spatial terms are constant rather than being functions of time.
Self-similar law Table 2: Table providing the fracture length L(t), which is obtained using (40) and (61), and the constant ρ, used in (67) and (68), for different variants of the self-similar solution.
The self-similar counterparts of the elasticity equations (22) and (23) are now:
with its inverse being:
As the integral and function G n (r) both tend to zero faster than the square root term at the fracture tip, it immediately follows that, in the toughness dominated case (K Ic > 0), the leading asymptotic term of the aperture (35) is given by:
The self-similar particle velocity takes the form:
The governing equation (51) becomes:
with the value of ρ in each case, alongside the fracture length, provided in Table 2 . Meanwhile the fluid balance condition (21) becomes:
The self-similar stress intensity factor (25) is given by:
Finally, the system's boundary conditions (49) transform to:
In the general case with 0 < n < 1 these equations represent the full self-similar problem. Some modifications are necessary in the special cases when n = 0 and n = 1. These differences are outlined in Appendix A.
Numerical results
In this section we will construct an iterative computational scheme for numerically simulating hydraulic fracture. The approach is an extension of the universal algorithm introduced in [24, 25] . The computations are divided between two basic blocks, the first of which utilizes the continuity equation and the latter using the elasticity operator. The previously introduced computational variables, alongside the known information about the solution tip asymptotics, are employed extensively. The accuracy and efficiency of the computations are verified against the newly introduced analytical benchmark examples. Then the numerical benchmark solutions are given. Finally, a comparative analysis with other data available in the literature is delivered.
Computational scheme
The algorithm is constructed using the approach framework introduced for the PKN and KGD models in [24, 25] . The numerical scheme is realized as follows:
1. An initial approximation of the apertureŵ =ŵ j−1 is taken, such that it has the correct asymptotic behaviour and satisfies the boundary conditions.
2. The fluid balance equation (68) is utilized to obtain the asymptotic term(s)ŵ j 0,1 needed to compute the particle velocityv j 0 using (61).
3. Having the above values the reduced particle velocityΦ j is reconstructed by direct integration of (67). Tikhonov type regularization is employed at this stage.
4. Equation (66) is then used to obtain an approximation of the modified pressure derivativê Ω, and the elasticity equation (64) serves to compute the next approximation of the fracture apertureŵ j .
5. The system is iterated until all variablesΦ,ŵ andv 0 converge to within prescribed tolerances.
We will demonstrate in this section that this scheme, combined with an appropriate meshing strategy, yields a highly accurate algorithm. A more detailed description of the algorithm's construction has been outlined in [24, 25] . It is worth noting that, due to the degeneration of the Poiseuille equation when n = 0, it can no longer be used to compute the fluid flow rate or the particle velocity. However, thanks to the modular structure of the proposed algorithm, one can easily adapt it to this variant of the problem. In this case a special form of the elasticity equation (117) is utilized to obtain the aperture, with the particle velocity being reconstructed using relations (118) and (119).
Accuracy of computations
In this subsection we will investigate the accuracy of computations delivered by the proposed numerical scheme. To this end a newly introduced set of analytical benchmark solutions with a non-zero fluid leak-off function will be used. Alternative measures for testing the numerical accuracy in the absence of exact solutions will then be proposed and analysed. Next, the problem of a penny-shaped hydraulic fracture propagating in an impermeable material will be considered. The accuracy of numerical solutions will be verified by the aforementioned alternative measures. Simple, semi-analytical approximations, which mimic the obtained numerical data to a prescribed level of accuracy, will be provided. Finally, a comparative analysis with other solutions available in the literature will be performed.
Analysis of computational errors against analytical benchmarks
The first method of testing the computational accuracy is by comparison with analytical benchmark solutions. Respective closed-form benchmarks with predefined, non-zero, leak-off functions are outlined in Appendix. B. They have been constructed for both the viscosity and toughness dominated regimes, for a class of shear-thinning and Newtonian fluids. All of the analytical benchmarks used for comparison are designed to ensure physically realistic behaviour of the solution while maintaining the proper asymptotic behaviour. In all numerical simulations the power-law variant of the time dependent function Ψ 2 (55) 2 is used.
The accuracy of computations is depicted in Fig. 1, 2 , for varying number of nodal points N . A non-uniform spatial mesh was used, with meshing density increased near the ends of the interval (the same type of mesh was used for all n). The measures δw, δv, describing the average relative error of the crack opening and particle velocity, are taken to be:
whereŵ * andv * denote the exact solutions forŵ andv. The results clearly show that the value of both error measures decreases monotonically with growing N . For a fixed number of nodal points N , δw is lower than δv, but within the same order of magnitude. One can observe a sensitivity of the results to the value of the fluid behaviour index n. Here, the level of error measures can vary up to one order for a constant N . This trend can be alleviated by adjusting the mesh density distribution to the value of n (i.e. to the varying asymptotics of solution), however such an investigation goes beyond the scope of this paper. In general, it takes fewer than N = 300 nodal points to achieve the relative errors of the level 10 −7 .
In cases when the exact solution is not prescribed an alternative method of testing the solution accuracy is required. The method outlined here relies on the fact that the solution converges to the exact value at a known rate, with respect to the number of nodal points, which has been established numerically to behave as 1/N 3 . As a result the following estimation holds:
where g 1 (r) =ŵ(r) and g 2 (r) =v(r). A i and B i are some constants to be found numerically. Next, one can define the limiting value of (72) as:
for g * 1 (r) =ŵ * (r), g * 2 (r) =v * (r). Knowing this, the following alternative error measures can be proposed:
Using this strategy, it is possible to identify the relative rate at which the solution converges: e w (N ) for the aperture and e v (N ) for the particle velocity. The results are shown in Fig. 3 , Fig. 4 . It is notable that both δw and e w , as well as δv and e v , provide estimates of a similar order for a fixed N. Thus, they can be considered as equivalent error measures and employed in the accuracy analysis in the cases when no exact solution is available. As such, e w (N ) and e v (N ) will be used in the following investigations. 
Impermeable solid -reference solutions
With a suitable measure for testing the solution accuracy in place we move onto examining the solution variant most frequently studied in the literature, the case with a zero valued leak-off function and withQ 0 = 1. Although there is no analytical solution to this variant of the problem, due to its relative simplicity, it is commonly used when testing numerical algorithms. For this reason it is very important that credible reference data is provided for this case, which can be easily employed to verify various computational schemes. Both the viscosity and toughness dominated regimes (for different values of the material toughness:K Ic = {1, 10, 100}) will be investigated. In the next subsection, accurate and simple approximations of the obtained numerical solutions will be provided.
The results for the crack opening and particle velocity convergence rates are shown in Figs. 5 -8. As can be seen, over the analyzed range of N , the computations are very accurate and converge rapidly as the mesh density is increased. In the viscosity dominated regime it can be seen that there is a lower sensitivity of e w and e v to the value of n, however even in the toughness dominated mode the dependence of e w on the fluid behaviour index becomes less pronounced asK Ic grows. A general trend can be observed, in that the convergence rate is magnified as the self-similar material toughnessK Ic increases. This is due to the fact that, for large values ofK Ic , the solution tends to the limiting case of a uniformly pressurized immobile crack with a parabolic profile. To explain this tendency we present in Figs. 9-12 some additional data for a single value of the fluid behavior index (n = 0.5).
It is immediately obvious that forK Ic > 2 the fracture aperture is almost entirely described by the leading term of its crack tip asymptotics (forK Ic = 2 the maximal deviation between them is approximately 1 percent). For the particle velocity it can be seen that, while the effect is not as substantial as for the aperture, the crack propagation speedv 0 does become a better predictor of the parameter's behaviour for larger values of the material toughness. Meanwhile, the fluid pressure increases with growingK Ic , eventually becoming uniformly distributed over r. As a result of the decreasing pressure gradient the velocity of the fluid flow is reduced. In Fig. 12 it can be seen that the fluid flow rate rapidly converges to the limiting case with growinĝ K Ic , however the rate of convergence is greater for larger values of n. Indeed, as can be seen in Fig. 13 , for n = 1 the curves forK Ic = 1 andK Ic = 100 are indistinguishable, which is not the case when n = 0.
In fact, the behaviour of the solution asK Ic → ∞ can easily be shown to take the form: 
where ρ is defined in Table 2 . As a result the computations become far more efficient in this case and the resulting solution is calculated to a far higher level of accuracy.
Combining the results shown above in Figs. 1 -8 , it is clear that the computations presented here achieve a very high level of accuracy for both the aperture and particle velocity regardless of the crack propagation regime. When using N = 300 the accuracy of computations can almost always be assumed to be correct to a level of at least 10 −7 for the fracture aperture, and 2.5 × 10 −7 for the particle velocity. In this way the obtained data constitutes a very convenient and credible reference solution when testing other computational schemes. It is worth mentioning that the efficiency of computations achieved by this algorithm means that this high level of accuracy does not come at the expense of simulation time. The final algorithm requires fewer than 20 iterations to produce a solution. Simulation times are also very short with this scheme.
Semi-analytical benchmark solutions
While the numerical solutions provided above allow for the problem of a penny-shaped radial fracture to be solved rapidly, they are not necessarily in a form which can be easily utilized when testing various computational algorithms. Following the idea from [25] , we shall also deliver simple and accurate semi-analytical approximations of the numerical solutions from the previous subsection, which can easily be used as reference data without the need for advanced computational programs. We provide below formulae mimicking the crack aperture, the particle velocity and the net fluid pressure.
All the proposed proposed relations preserve the proper asymptotic behaviour at both the fracture origin and tip. They were computed by taking solutions between n = 0.05 and n = 0.95, with a step-size of n = 0.05, and creating approximation functions which predicted each parameter to a desired accuracy. These approximate solution components were then tested against results with a step-size of n = 0.025, to ensure that the predictions were accurate over the whole range. Respective coefficients (provided in Appendix C) used in the approximations have no set length, as the final accuracy of the solution was the deciding factor in their construction.
As a result of this approach each approximated parameter should be treated independently, which means that the guaranteed accuracy does not embrace the mutual interrelations between respective variables (e.g. the particle velocity computed according to (66) from the approximatê w andp is not expected to give the same accuracy as that provided by the approximation for v). Moreover, the high level of accuracy of the approximate formulae is guaranteed over the following interval of the fluid behaviour index: 0.05 < n < 0.95. The approximations for the limiting cases n = 0 and n = 1 are given separately in Appendix A.
• Viscosity dominated regime (K Ic = 0)
For the viscosity dominated regime we propose the following approximations of the dependent variables:ŵ
with:
The coefficients w i (n), v i (n), p i (n), C i , D i , X k are given in Appendix C, while α 0 , α 1 and β 2 can be found in Table 1 . This formulation is valid for all 0.05 < n < 0.95, with any modifications required in the limiting cases n = 0 and n = 1 being outlined in Appendix A. Although the self-similar crack propagation speedv 0 can be obtained by evaluating the general formula (79) at the fracture front, an alternative expression (81) 1 has been introduced. This is to ensure the highest possible level of accuracy for this important parameter, which is needed both to compute the fracture length L(t), as well as the transformations to alternative schemes in the literature (e.g. (90)). The error of approximation ofv 0 for all considered values of the material toughnessK Ic is provided in Fig. 15 .
Graphs demonstrating the accuracy of approximations for the aperture, particle velocity and pressure are provided in Fig. 14 . The respective error measures are defined as:
whereŵ n (r),v n (r),v 0,n andp n (r) are the benchmark solutions obtained by the computational algorithm for a given value of the fluid behaviour index n. It can easily be seen that the relative accuracy of the formulae forŵ apx ,v apx , and absolute accuracy forp apx , are of the order 10 −4 over almost the entire interval of n. Only for n = 0 does the error ofŵ apx slightly exceed 10 −3 , while the accuracy of the pressure approximation falls below 10 −3 for specific values of n > 0.8. The accuracy ofv 0,apx , computed from (81) 1 , is reported in Fig. 15 . It shows that the relative error is below 2 × 10 −6 for any value of the fluid behaviour index.
• Toughness dominated regime (K Ic > 0)
In this case the form of the self-similar crack propagation speed approximation,v 0,apx , remains as in (81) 1 . The other solution components are given in the form:
whereŵ 0 is given by (65), f 1 takes the form (82), and α 1 is in Table 1 . The coefficients w i (n), v i (n), p i (n), C i are given in Appendix C forK I = {1, 10}. For n = {0, 1} some parameters require alternate representations, which are outlined in Appendix A. This time the quality of approximations is better than those for the viscosity dominated regime. ForK Ic = 1 the approximation errors do not exceed 3×10 −4 regardless of the considered variable or the value of the fluid behaviour index n. When analyzing the caseK Ic = 10 one can see that the accuracy of approximations improved even further, being up to two orders of magnitude better than that forK Ic = 1. 
Verification of other results from the literature
In the following, using our highly accurate numerical scheme, we will verify the results provided so far by other authors. Unfortunately, there are only a handful of papers where respective data is provided in a form which enables comparison. In most cases only graphs of the dependent variables are given. In order to make sure that the data is comparable the zero leak-off case will again be examined, taking fixedQ 0 = 1, with transformations between the schemes outlined as necessary. Throughout this section we will use N = 300 nodal points, which in previous sections we have shown is accurate to 7 significant digits.
We begin by analyzing the solution delivered by Linkov in [32] for the viscosity dominated regime (K Ic = 0). Note that, as slightly different normalizations are used to obtain the selfsimilar solution, the following transformations are required to obtain a comparison between the results:
, where:
Here ξ * ,n is Linkov's normalized fracture length when Q 0 = 1. It can easily be shown using the equation for fracture length from Table 2 that, in order for the two formulations to coincide, the following scaling condition must be met:
The values of the self-similar fracture opening, crack propagation speed and fracture half-length are shown in Table 3 . The results obtained in [32] are included for completeness, and denoted with a superscript L. The notationŵ T (0) represents the transformed crack opening computed according to (90) 1 (this value is to be compared withŵ L (0)). It can easily be seen that there is a high level of correspondence between the results in this paper and those provided by Linkov for different values of the fluid behaviour index n. The maximum relative discrepancy is of the order 4.3 × 10 −4 , which considering the accuracy of our solution demonstrated in Sect. 5.2.1, describes the level of accuracy achieved by the solution from [32] . We note that, in our approach, it is sufficient to take merely N = 40 points to have a similar accuracy (see Figs. 1-6 ). Another solution to be analyzed is that from Savitski/Detournay [19] , which provides asymptotic approximations for both the viscosity and toughness dominated regimes in the case of a Newtonian fracturing fluid. The interrelations between the self-similar crack opening and crack propagation speed given in [19] and our results are as follows: Table 3 : The values of fracture opening, crack propagation speed and half-length, given to an accuracy of seven significant figures (which defines the solution accuracy achievable for N = 300 using the authors' solver). The final two columns, denoted with superscript L, show the values provided in [32] . The symbolsŵ T and ξ * ,n stand for the transformed fracture opening and fracture half-length computed according to (90) . These values are to be compared with the last two columns.
Savitski/Detournay specify the following asymptotic approximation for the self-similar aperture:
Using the relevant transformations yields:
w(r) = 2 ,r → 1.
Note that interrelation betweenŵ 0 andv 0 resulting from (95) is exactly the same as the one defined by equations (38)-(39) based on the speed equation. Thus, any solution in the viscosity dominated regime (for n = 1) preserving the latter will be equivalent in terms ofŵ 0 andv 0 to the data provided in [19] . For the toughness dominated regime it is unfortunately not possible to perform the same comparison as above with the results from [19] . This is due to the fact that Savitski/Detournay's solution is only self-similar in the limiting cases K I = {0, ∞}, and is a time dependent function of K I (t) in the interim. It is however possible to check the ratio between the fracture pressure and aperture with the following equality:
where Ω k is Savitski/Detournay's normalized aperture, Π k is the normalized pressure and γ 0 = 3/π √ 2 2 5 is the first term of the normalized asymptotic expansion of the fracture length [19] .
Noting that the paper gives the limiting values for K Ic → ∞ as being Ω k,0 = (3/8π)
and Π k,0 = π (π/12) 1 5 /8, it can easily be seen from (75) that ratio (96) is satisfied in the limit. As such, we can evaluate the validity of the asymptotic fromulae from [19] by examining the 
δS Figure 18 : Comparison of the ratio between the fracture aperture and pressure for Savitski/Detournay's solution and that presented in this paper for a few values of the fracture toughness. Here δS shows the relative error.
relative ratio between the two sides of (96), which we will label δS. The results for this metric, pertaining to the valuesK I = {1, 2, 5, 10, 100}, are provided in Fig. 18 . It is evident from this comparison that there is a clear correspondence between the results of this paper and those obtained by Savitski/Detournay. The disparity between respective data in the large toughness case,K Ic = 100, is compatible with the error of our solution demonstrated for this model in Fig. 6 . This is a strong verification of the validity of the asymptotic formulae from [19] . However, the accuracy of those approximations diminishes greatly for lower values of the fracture toughness, with an error of order 10 −1 whenK I = 1. This, in turn, provides us with an estimate of when the formula in [19] loses its practical applicability.
Conclusions
In this paper, the problem of a penny-shaped hydraulic fracture driven by a power-law fluid has been analyzed. Following an approach similar to that in [25, 24] the governing equations where reformulated in terms of the aperture w and the reduced particle velocity Φ. Self-similar formulations have been derived for two types of time dependent function. A computational scheme based on the universal algorithm introduced in [24] has been constructed. The accuracy of computations has been verified against a set of newly introduced analytical benchmark examples. Alternative measures of the solution accuracy have been proposed and investigated. Highly accurate numerical reference solutions for the case of an impermeable solid have been delivered. Simple and accurate approximate formulae mimicking these solutions, over whole range of the fluid behaviour index, have been given for fixed values of the material toughness. Verification of other results available in the literature has been performed.
The following conclusions can be drawn from the conducted research:
• The universal algorithm for numerically simulating hydraulic fractures, introduced in [24] , can be successfully adapted to the case of a penny-shaped fracture. It enables accurate and efficient modelling of HFs driven by the power-law fluids in both the viscosity and toughness dominated regimes.
• The key elements of the algorithm, which contributed to its outstanding performance, are: i) choice of proper computational variables, including the reduced particle velocity, ii) extensive utilization of the information on the solution asymptotics, combined with a fracture front tracing mechanism based on the Stefan-type condition (speed equation), iii) application of the modified form of the elasticity operator (26) , which has a non-singular kernel, that can easily be coupled with the new dependent variable -the reduced particle velocity.
• The newly introduced analytical benchmark solutions, with a predefined non-zero fluid leak-of, can be adjusted to mimic the HF behaviour for a class of power-law fluids in both the viscosity and toughness dominated regimes. These solutions can be directly applied to investigate the actual error of computations when testing various computational schemes.
• The rates of error convergence (e w and e v ) have been shown to be equivalent and credible error measures for analyzing the problem when no closed-form analytical solutions are available.
• The proposed approximate semi-analytical formulae for the case of an impermeable solid constitute a set of accurate and easily accessible reference solutions when investigating the performance of other computational algorithms.
A Limiting cases: Newtonian and plastic fluids
A.1 Newtonian fluid: n = 1
A.1.1 Basic formulae
In the case of a Newtonian fluid the majority of the results remains the same as in the general case (setting n = 1), but a few constants and functions will take alternate forms. These are detailed below.
The crack tip asymptotics in the viscosity dominated regime can be described by general relations (35)- (37) . However, in the toughness dominated mode one has:
The respective asymptotic expansions at the crack inlet, for both the viscosity and toughness dominated regimes, yield:w (r,t) =w
It should be noted that the pressure is singular at the fracture origin, which is not the case for non-Newtonian (n < 1) fluids. Meanwhile, the relationship between the new variable Ω and the pressure, in the timedependent formulation, follows from the definition (44):
where the time dependent constant C p (t) is obtained by expanding (25) using (44):
Transforming into the self-similar formulation (54), these become:
Finally, the auxiliary function G n (r) will now be expressed as:
A.1.2 Approximate semi-analytical approximation
The semi-analytical approximations for the aperture and particle velocity remain the same as those presented in Sect. 5.2.3, however, the form of the pressure function must be modified. We now have:
• The viscosity dominated regime (K Ic = 0):
Here the form of the aperture (78) and particle velocity (79) approximations remain the same as in the general case, but the approximation of the pressure takes the form:
withĈ p (n) remaining as in (81) 2 .
• The toughness dominated regime (K Ic > 0):
Here the form of the aperture (86) and particle velocity (87) approximations remain the same as in the general case, but the approximation of the pressure is now:
A.2 Perfectly plastic fluid: n = 0
A.2.1 Basic formulae
In the case of a perfectly plastic fluid, alongside changes to the system asymptotics and reformulated equations, the degeneration of the Poiseuille equation means that it cannot be used to define the particle velocityṽ, or the reduced particle velocity Φ. As a result fundamental changes to the scheme are required. These are outlined below.
The crack tip asymptotics in the viscosity dominated regime remains in the same form as was outlined in (35)- (37) . In the toughness dominated mode however it now yields: w(r,t) =w 0 (t) 1 −r 2 +w 1 (t) 1 −r 
The fracture opening and the fluid pressure can be estimated at the crack inlet as:
Meanwhile, the relationship between the modified pressure derivative and the pressure follows from the definition (44):p
where the constantĈ p takes the form (25):
Note, from the form of the above, that the pressure is not be singular at the injection point in this case. Transforming into the self-similar formulation (54) these become:
It can be shown that the relationship between Ω and the fracture aperture (52) still holds, with the function G n (r) being given by:
In practice however, the degeneration of the Poiseuille equation means that a new scheme for solving the governing equations must be devised. The first step towards this is to note that the fracture aperture can be expressed as a non-linear integral equation:
while the crack-propagation speed is calculated from the fluid balance equation (68) as follows:
The reduced particle velocityΦ can be determined by integrating (67):
A.2.2 Approximate semi-analytical approximation
Finally, as a result of changes to the system behaviour and asymptotics, the semi-analytical approximations presented in Sect. 5.2.3 take the following form when n = 0:
Here the form of the aperture approximation (78) remains the same as in the general case. However the approximations of the particle velocity and pressure are now:
Here the pressure approximation (88) remains the same as in the general case. However, the aperture and particle velocity approximations become:
with f 1 being given in (82) andŵ 0 in (65).
B Analytical benchmarks
In the following we will present a way to construct a set of analytical benchmark solutions that satisfy the system of governing equations (61)- (70) for the self-similar problem. Those solutions can be easily extended through the relations (19)- (21), (25), (29), (51) and (52) to the time dependent forms. In this way one can formulate a set of analytical benchmark examples for both, the self-similar and the time dependent versions of the problem. The basic concept employed to derive the self-similar solutions is the same as that in [24] for the KGD model. We assume that the crack aperture can be expressed as a weighted sum of properly chosen base functions:ŵ
The functions h i are selected in a way that enables one to: i) comply with the asymptotic representation (35) , ii) satisfy the respective boundary conditions (70), iii) compute analytically the elasticity operator (63). The multipliers λ i are to be chosen properly to ensure the physically justified behaviour and desired properties of the solution.
Provided that iii) is satisfied, the fluid pressure function can be computed in a closed form from (63) to give:p
where each function π i corresponds to respective function h i . The self-similar stress intensity factor follows immediately from the asymptotic bahviour of functions h i and complies with (69). Next, the self-similar crack propagation speed,v 0 can be determined according to (61), while the particle velocity is computed from (62) to produce:
Consequently, the reduced particle velocity is defined by employing (125) in (57) 1 . The influx magnitude,Q 0 , is computed from (70), while the modified pressure derivative can be obtained from the definition (57) 2 , (59). Finally, the benchmark leak-off function is determined by a transformation of (67) as:
where the quantities on the right hand side are taken according to (124)-(126). In this way, by using different values of the coefficients λ i and different functions h i (r), π i (r) one can construct a number of self-similar problems for various fluid behaviour indices and crack propagation regimes, for which there exist known purely analytical solutions in the form (124)-(126). The values of pumping rate,Q 0 , and the self-similar material toughness,K Ic , can be tuned by the choice of magnitudes of respective coefficients λ i .
The examples of base functions h i (r), π i (r) are collected in Table 4 .
To provide a very simple example of a numerical benchmarks which can be created using the aforementioned methodology, we consider the following composite functions:
with the corresponding pressure terms:
Then the asymptotic behaviour of the respective functions at the fracture tip is: 
It can easily be seen from the above equations that the functions h A and π A will provide the proper first term of the crack tip asymptotics for the aperture (35) and pressure derivative (36), (41), provided that α is taken in accordance with Table 1 . Further terms may also be constructed, although subsequent (known) asymptotic terms of h A and π A must be accounted for. Additionally the behaviour of h B , π B at the crack tip ensures that it will not interfere with the final asymptotics of the benchmark at the fracture front in a notable way. Meanwhile, at the crack inlet, we have:
where H is the harmonic number function and α can be taken in accordance with Table 1 . From this it can be easily seen that the required asymptotic representations of the aperture (34) and pressure derivative (32) will be satisfied by h B and π B , while the fracture opening asymptotics of h A and π A will not prevent the benchmark from displaying the correct behaviour. As with the crack tip, here further asymptotic terms can be accounted for using additional functions. In this way, by linear combination of functions (128)-(131) and other functions from Table 4 one can build a benchmark example for the viscosity dominated regime of crack propagation for a number of shear-thinning fluids, provided that α = α 0 . Moreover, by incorporation of function h 0 from Table 4 we obtain a solution which mimics the toughness dominated mode.
The above strategy have been successfully employed to create a set of analytical benchmark examples for the the varying crack propagation regimes and fluid behaviour indices.
C Coefficients of the approximate solutions
For any value of the fluid behaviour index n and self-similar material toughnessK I , the selfsimilar crack propagation speedv 0 is given in the form (81) 1 . The values of respective coefficients C i are provided in Table 5 forK I = {0, 1, 10}. Meanwhile, the coefficients of the constantĈ p (n), which takes the form (81) 2 in the viscosity dominated case (K Ic = 0), are provided in Table 6 .
The remaining coefficients for the fracture aperture, pressure and particle velocity approximations are outlined for different values of the fracture toughness below.
3.5484 -3.1946 3.711 -1.3516 -3.3625 1 C.1 Viscosity dominated regime (K Ic = 0)
In the general case 0 < n < 1 the coefficients of approximation for the aperture (78), particle velocity (79) and pressure (80) are given as:
with the values of r k , s k and κ for the case 0 < n < 1 being listed in Tables 7 and 8 .
In the case of a Newtonian fluid n = 1 the coefficients used to approximate the aperture (78) and the particle velocity (79) remain the same as in the general case. The coefficients of the pressure approximation (106) are now given by:
For the perfectly plastic fluid n = 0 the coefficients used to approximate the aperture (78), particle velocity (120) and pressure (121) are as follows: 
C.2 Toughness dominated regime withK I = 1
In the general case 0 < n < 1 the approximation coefficients for the aperture (86), particle velocity (87) and pressure (88) are given in the form:
with the values of r k , s k for the case 0 < n < 1 being listed in Tables 9 and 10 . For the Newtonian fluid n = 1 the coefficients for the approximate pressure function (107) are now given by:
while those for the aperture (86) and particle velocity (87) remain the same as in the general case. Table 7 : The values of coefficients r i used in approximation (140) in the general case 0 < n < 1 withK I = 0. Table 8 : The value of constant coefficients s i and κ used in approximation (140) in the general case 0 < n < 1 withK I = 0.
Z(n)

In the case of a perfectly plastic fluid n = 0 the coefficients used to approximate the aperture (122) and particle velocity (120) are as follows: 
while those for the pressure function (88) remain the same as in the general case.
C.3 Toughness dominated regime withK I = 10
with the values of r k , s k for the case 0 < n < 1 being listed in Tables 11 and 12 .
For a Newtonian fluid n = 1 the coefficients for the approximate pressure function (107) are now given by: 
while those for the aperture (86) and particle velocity (87) remain the same as in the general case.
Finally, in the case of a perfectly plastic fluid n = 0 the coefficients used to approximate the aperture (122) and particle velocity (120) are as follows: Table 12 : The value of constant coefficients s k used in approximation (146) in the general case 0 < n < 1 withK I = 10.
